We have performed classical molecular dynamics simulation of Ar 13 cluster to study the behavior of collective excitations. In the solid "phase" of the cluster, the collective oscillation of the monopole mode can be well fitted to a damped harmonic oscillator. The parameters of the equivalent damped harmonic oscillator-the damping coefficient, spring constant, time period of oscillation and the mass of the oscillator -all show a sharp change in behavior at a kinetic temperature of about 8.4 o K. This marks yet another characteristic temperature of the system, a temperature T s below which collective excitations are very stable, and at higher temperatures the single particle excitations cause the damping of the collective oscillations. We argue that so long as the cluster remains confined within the global potential energy minimum the collective excitations do not decay; and once the cluster comes out of this well, the local potential energy minima pockets act as single particle excitation channels in destroying the collective motion.
I. INTRODUCTION
The study of collective excitations in finite systems originated in Nuclear Physics and subsequently were carried out in free atoms and metal clusters as well. It is understood that in case of atomic nuclei, the coherent motion of shell nucleons driven by a sufficiently confining short-range interaction potential gives rise to collective resonances in specific modes, and these long-lived, large amplitude oscillations are termed "giant resonances". While single particle excitations are adequately described by Hartree-Fock approximation, its timedependent extension accounts for the collective behaviour of the constituent fermions [1, 2] , and the damping of the giant resonances is explained by the non-perturbative treatment of the residual collisions of quasiparticles [3] . In case of atoms and metal clusters the valence elctrons execute the resonance motion. Though long-ranged, the screening makes the Coulomb potential effectively short-ranged, enabling the local confinement of the electrons that is necessary for the resonance to occur [4] .
In this article we present some results of the study of collective motions of yet another finite system -a 13 particle inert gas atom cluster. Being a classical, non-fermionic, very weakly interacting system, the situation is much different here. In nuclei and metal clusters, the collective excitations are essentially the poles of the charge density fluctuations, and are amenable to electromagnetic probe, whereas the constituents of the system under present investigation are charge-neutral point particles, so there is no possibility of charge fluctuations. Nevertheless, the particles do exhibit coherent motion owing to the presence of interaction potential between them, and these are simply the normal modes of the mass density fluctuations. In section II we will describe as to how to project out the normal mode components of the cluster out of the complex dynamics that it undergoes.
Molecular dynamics simulations of Ar 13 cluster display solid-liquid phase transitions.
The cluster has a near-rigid regular icosahedron structure in the solid-like "phase", the individual atoms executing vibrational motions about their mean positions, whereas in the liquid-like phase the cluster doesnot have any regular shape and the individual atoms exhibit largely diffusive motion. In addition, the cluster also shows a "coexistence phase", wherein after spending some time in one of the phases the cluster spontaneously switches to the other and eventually back again.
The "phase changes" in Ar 13 have been well characterised [5, 7] . The three phases are best illustrated by the curve of caloric equation of state-the plot of long time (∼ 10 6 time steps) average of kinetic energy against that of total energy. The plot distinctly shows three regions-the solid-like region towards low kinetic/total energy, the liquid-like region on the higher end, and the coexistence phase in between. Another good diagnostic of the phase changes is the root mean square bond length fluctuations, which shows a steep rise at the "melting point", indicating that there is a large increase in the mobility of the atoms of the cluster as it enters in to the liquid-like region. There are few other dignostics which demonstrate the occurance of the change of phase, see Ref. [5] .
The original motivation behind this work was to study the collective excitations in Ar 13
cluster as it passes through the phase changes. It was naively expected that in the transition region the system would show a marked change in behavior, much like the bond length fluctuations. However, this effort had to be abondoned as it was soon realised that the results obtained from different runs in the liquid-like region show a very large spread in values and hence it becomes hard to arrive at an unambiguous result. On the other hand, we have had some surprising results in the solid-like region itself. We found that there is yet another, much lower characteristic temperature to the system, much more sharply demarkated on the total energy axis than the solid-liquid phase change. We shall argue that at this temperature the single particle excitations begin to destroy the collective excitations, and the effect is manifest as a qualitative change in behavior of almost all the physical observables of the cluster.
Details of the computational procedure are discussed in section II. The main results are presented in section III followed by a discussion. Finally we summarise the conclusions.
II. COMPUTATIONAL PROCEDURE
We perform isoergic molecular dynamics simulation of the 13-particle Argon cluster chosing the pairwise 6-12 Lennard-Jones interaction
with parameters σ = 3.4 × 10 −8 cm and ǫ = 1.67 × 10 −14 erg. The classical equations of motion were solved using Verlet algorithm [6] with a time step of 2.0 × 10 −15 sec. The total energy is found to be conserved to within 0.001%.
In an interacting many body system, we know that the average potential of the static system contributes to the single particle excitations, and the interaction treated dynamically gives rise to collective excitations. Similarly it should be possible to think of the complex dynamics of the cluster to be composed of collective motions in addition to the single particle undulations. Then we need to identify the collective modes of the cluster. In view of the nuclear deformations, it has been recognised [8] that collective variables of an arbitrary density distribution can be parametrised in terms of the moments of density distribution, and in particular for small deviations from spherical symmetry, expansion in terms of spherical harmonics components is the most natural description of the normal modes. Adapting the same idea, the contributions to different normal modes of the cluster as a function of time can be projected out as
where ρ(r, t) is the density distribution, which is discrete in the present case.
Obviously the collective oscillations here are the shape oscillations. The monopole (ℓ = 0) mode component is projected out simply as the average radius of the cluster as a function of time, hence it corresponds to the uniform radial motion of the particles ("breathing" mode). It should be noted at this point that in charged systems like the atomic nuclei or the metal clusters, the dipole mode (ℓ = 1) usually is the strongest and the monopole is always very weak. In contrast the inert gas atom cluster Ar 13 has monopole mode as the strongest and the dipole mode simply does not exist. The reason is the following: A dipole motion in general corresponds to the vibration of the centroid of the distribution about its mean position, and in case of charged systems, it is the out of phase motion of the centroids of the opposite charge distributions that stabilises the dipole oscillation. But there is no negative polarity for the mass distribution, so a dipole oscillation is ruled out, and so are all the modes with odd ℓ, as they would correspond to the oscillation of the center of mass of the system about its origin.
Here we present some observations made on the monopole oscillations of the cluster.
A monopole excitation is given to the cluster as follows: The system equilibrated at any temperature performs shape oscillations of its own occord owing to the interplay of its kinetic and potential energies. First, a reference time t=0 is chosen such that at that time the cluster has expanded to its maximum, and is just about to start contracting. At this stage, when most of its energy is in the potential energy form, the cluster is given a sudden, radially uniform expansion, so as to raise the total potential energy of the cluster by a pre-determined value. The velocities and hence the kinetic energies of the atoms are left unchanged, therefore the sudden expansion has the effect of instantaneous increase of total energy by a pre-determined value. The cluster responds to the increase in the amplitude and sets itself into pure mode oscillation and this amounts to giving a monopole excitation to the cluster. 
where λ is the decay constant and ω ′ is the reduced frequency of the damped oscillator.
It should be mentioned here that the curves shown are actually not the ones obtained out of single runs, but in fact are the averages over 500 independent runs. The dynamics of the cluster equilibrated at a given temperature is composed of superposition of its normal modes, due to which, though the excitation is given at a configuration at which the cluster is in a state of maximum expansion, not neccessarily would all the constituents of the cluster be at their respective maximum displacements from the origin. As a consequence the response of the system to the excitation is quite sensitive to the initial configuration, and the quantities derived out of different runs show a large spread in value about their mean, increasingly so at higher temperatures. Hence it becomes necessary that some kind of ensemble averaging be done in order that good consistency is obtained. Note that the monopole oscillation of the cluster is essentially simple harmonic at very low temperatures, and the oscillations are progressively damped as the temperature is increased. The fit is remarkably good, suggesting that one may map the monopole mode motion of the cluster to a 1-dimensional under-damped harmonic oscillator. A plot of the potential energy of the cluster as a function of its radius as it evolves deviates very little from a perfect parabola [ Fig. 2 ], giving further justification to the mapping. Hence we shall carry out the further analysis in terms of the parameters of the equivalent harmonic oscillator, an exercise which would prove very fruitful.
From the fit to the time evolution of the excitation [ Fig. 1 ] we already have the values of two of the parameters of the equivalent harmonic oscillator, the damping coefficient λ and the reduced frequency ω ′ . From Fig. 2 we notice that the oscillator potential has very little anharmonicity present in it, so we could make use of the Hooke's law to obtain the spring constant k of the oscillator. We can go further. The reduced frequency ω ′ of a damped harmonic oscillator is related to its natural frequency ω by
and from the value of the natural frequency we can obtain the mass m of the equivalent oscillator by the relation ω = k/m. Thus, we now have the values of all the parameters of the equivalent oscillator, and henceforth we find it more convenient to discuss in terms of these parameters. We use the term "reduced mass" m to refer to the mass of the equivalent oscillator to distinguish it from the actual mass M of the Argon atom.
III. RESULTS AND DISCUSSION
The results are summarised in Fig [3] . The data are completely in the solid-like domain of the cluster (The last four points are from the coexistence region). The abrupt change in qualitative behavior of the oscillator parameters at E tot = −5.46 × 10 −14 erg/atom, which corresponds to a kinetic temperature of T s ∼ 8.4 o K is quite puzzling. The damping coefficient is zero for T < T s and then has a linear rise throughout the solid phase ( Fig.   [3a] ); the period of oscillation changes slope at T s ( Fig. [3b] ) ; the spring constant has a slow linear rise at low temperatures but shows a dramatic √ E tot rise beyond T s (Fig. [3c]) ; and finally, the reduced mass drops drastically at T s ( Fig. [3d] ). Some observations :
1. Of the four parameters of the damped harmonic oscillator, three (viz. the spring constant, the reduced mass and the damping coefficient) are completely independent of each other and only the frequency of oscillation is a derived quantity. However, the transition at T s brings a qualitative change in all of them.
It is on the total energy axis that these parameters indicate a clear-cut transition.
Therefore it is the total energy and not the kinetic temperature that is the most relavent parameter to study the system.
The change of behavior along the total energy axis at this transition is much too
sharper than that in the case of solid-liquid phase change.
4. Other dynamical properties like the rms bond-length fluctuations, velocity autocorreation function, specific heat and Lyapunov characteristic exponent should also man-ifest the signature of this transition.
The sharpness of the transition at T = T s is unprecedented for a system of its size.
Earlier investigations do not seem to have paid much attention to the system at such low temperatures. From Fig. 3a we find that at temperatures below T s the oscillations are completely undamped, which means that the collective modes are very stable and the individual atoms of the cluster perform periodic motion without losing coherance. However, it should be noted that anharmonicity is inherent in the underlying interaction potential, and manifests itself as a slow linear rise in the time period of oscillation with the increase in total energy.
Then the question is what causes the damping of the collective mode at temperatures above T s . It is curious to note that the mass of the equivalent oscillator is smaller by a factor of 12 against the mass of the Argon atom, a factor same as the number of surface atoms. In addition, the value of the reduced mass drops drastically at T s and reaches an asymtotic value of 1 at higher temperatures. If we assume the cluster to be composed of a set of coupled oscillators, then it is as if at T < T s the system is tightly coupled and at higher temperatues the oscillators are independent. So we infer that for T < T s collective modes are stable and above T s particles begin to make independent motions and gradually lose coherance. The situation is analogous to some of the interacting quantum many body systems, like for example a system with magnetically ordered ground state, wherein the interaction gives rise to a finite gap in the single particle excitation spectrum besides low lying collective modes. This description is ofcourse not valid for a classical system, but then it needs to be understood as to why the single particle excitations are suppressed in case of this system below T s .
Another surprising feature is the behavior of the spring constant above T s . We know that the potential energy surface gets widened as the energy is increased, so we would have expected the spring constant to decrease as the energy is incresed. Instead, we notice that the spring constant increases as square root of the total energy. To gain a better understanding, we plot the potential energy curves corresponding to different energies on the same graph in Fig. 4 . Observe that for T < T s , the oscillations at all temperatures lie on the same potential energy curve, only the amplitude increases with the increase in energy, just as in the case of an actual harmonic oscillator. On the other hand, above T s , the oscillations of the cluster trace different potential energy curves at different temperatures. We reason that this happens because the potential energy hyper-surface of the cluster in the 3N dimensional coordinate space has a global minimum, and so long as the cluster is confined within this well the cluster sustains collective oscillations, individual particles retaining their relative phase coherance. Above T s , the cluster has sufficient energy to come out of this global minimum, and the particles find local minima pockets in the potential energy hyper-surface accessible to them. Once they start making excursions to such local minima pockets, the motion of different particles becomes asynchronous, and hence the collective mode gets damped.
These excursions are the "single particle excitations" of this classical system which destroy the collective modes. Different particles now go through the potential energy minimum at different instances of time, and that is the reason why the potential energy curve is much raised and the amplitude of the monopole mode is much smaller ( Fig. [4] ). However, it is not clear yet as to why, with the increase in total energy, the potential energy curve becomes narrower and the spring constant increases as square root of total energy.
The existence of a global minimum in the potential energy surface has long been known, the local minima are termed "particle-hole structures" in Ref. [9] . It was beleived that the cluster has icosahedron structure so long as it is inside the global minimum and attains liquid-phase the moment it comes out of this well. Our results do not agree with this view, in fact the depth of this global minimum is found to be just 3.25 × 10 −14 erg, whereas it requires about 15.6 × 10 −14 erg of energy to take the cluster to the coexistence phase.
As already mentioned we expect the transition at T s to manifest itself in other observables as well. We also looked into rms bond length fluctuations and velocity autocorrelation function, and observed that both of them show the signature of this transition at T s . The rms bond length fluctuation (not shown here) starts from a value of zero and shows a quick rise in value till the kinetic temperature T s , and only at the temperature T s it settles down to the slow linear rise with temperature, as shown in Ref. [5] . Fig. 5 is the plot of velocity autocorrelation-the solid curve just below T s and the dotted one just above. This once again demonstrates the qualitative change in the dynamics of the cluster at T s , there being a complete reversal of velocities at temperatures below T s , and only a partial reversal the moment the temperature goes above T s .
At temperatures below T s , since all the 12 surface atoms on the icosahedron execute coupled oscillations, the reduced mass m of the normal mode is given by
in agreement with the results of the simulation (Fig. [3d] ). The transition temperature T s corresponds to the situation wherein the motion of only one of the 12 surface atoms on the average becomes incoherent with the motion of the rest. This is reflected in the reduced mass, which at this temperature drops to one eleventh of the mass of the Ar atom, as can be seen from the figure. With the increase in temerature the reduced mass drops drastically and reaches an asymptotic value of 1. Since (1/m) is a measure of the coherence of motion of the particles in the normal mode, the value of the ratio (M/m) being 1.0 amounts to the constituents executing independent incoherent motion just as in the caseof a viscous fluid.
This transition to a liquid-like behavior at T s , which is far below the melting temperature is a phenomenon new to the clusters, and is absent in case of bulk solids. Hence it is expected that it will be more difficult to observe this phenomenon with the increase in cluster size.
IV. SUMMARY
In this article we have presented some results of the detailed analysis of monopole excitation in Ar 13 cluster. Ensemble average of time evolution of the monopole excitation is found to fit very well with a damped harmonic oscillator. The parameters of the equivalent oscillator show a marked change in behavior at kinetic temperature T s = 8.4 o K which marks the existence of yet another characteristic temperature in the system. Below T s the cluster remains confined within the global minimum of the potential energy surface, due to which the normal mode oscillations remain undamped. The velocity autocorrelation function shows a complete bounce-back revealing that there is absolutely no loss of coherance.
The system moves out of global minimum well at T s , above which the local minima pockets in the potential energy surface act as single particle excitation channels in damping the collective modes.
It would be very interesting to see whether the quadrupole moment also reveals the existence of this characteristic temperature T s . Figure [5] . The normalised autocorrelation function. The solid curve is at temperature just below T s and the dotted one just above T s . The curves are averages over 500 independent runs.
